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ABSTRACT

We study boundary value problems for an equation of the order 2k and prove regular
and strong solvability of it, investigate spectrum of the problem. In case of even k we
obtain a priori estimate for the solution in the norm of the Sobolev space and prove
solvability almost everywhere.
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solvability, strong solvability, the Fourier series, the Cauchy-Schwarz inequality, the
Bessel inequality, the Perceval equality, the Lipchitz condition, even, odd, almost
everywhere solution.

INTRODUCTION

Boundary value problems for the equations of the 3" and 4™ order first
were investigated by Hadamard,(1933) and Sjostrand,(1937), and developed
by Davis,(1954), Bitsadze,(1961), Salahitdinov,(1974), Dzhuraev,(1979),
Wolfersdorf,(1969) and others.

Boundary value problems for the equations of the order 4 were studied
by Dzhuraev and Sopuev,(2000), Salahitdinov and Amanov,(2005),
Nicolescu,(1954), Roitman,(1971) and Sobolev,(1988).

In present paper we study boundary value problems for an equation of
the order 2k.



Dj.Amanov & A.V.Yuldasheva

Statement of the Problems

We consider the equation

aZku aZ

u
axﬁ—?—f(x,f), (D

in the domain Q={ (x,7): 0<x<p, 0<t<T} , where k>2 is fixed

positive integer.

Problem 1
Find the solution u( x,7) of the equation (1) in the domain € satisfying
conditions

aZm aZm

2 2004) = —(pt) =0, m=0l..k=1, 0<t<T, (2)

ox™" ox™"

u(x,0)=0, u(x,T)=0, 0<x<p. 3)

Problem 2

Find the solution u( x,t) of the equation (1) in the domain Q satisfying
conditions (3) and

82m+1u 82m+1u
S (01) = Sm(pt) =0, m=0L.k=1, 0<1<T, (4

Problem 3
Find the solution u( x,t) of the equation (1) in the domain Q satisfying

conditions (2) and

u(x,0)=0, u(xT)=0, 0<x<p. &)

228 Malaysian Journal of Mathematical Sciences



Solvability and Spectral Properties of Boundary Value Problems for Equations of Even Order

Problem 4

Find the solution u( x,t) of the equation (1) in the domain €Q satisfying
conditions (2) and

u( x,0)= u(x,T), u,(x,O)=u,(x,T), 0<x<p. (6)

We investigate Problem 1 in detail and other problems can be
similarly examined.

Let

V(Q)={ u: ue C2k 2O(Q)ﬂCZH(Q) and conditions (2), (3) are true },
1,0 af .
W (Q)={f:feCl(Q )f(OJ)zf(pJ%=Q5;ely5[Qp]

is uniformly in 7,0<a <1},

ak+1f ame

€ Ly(Q) =

‘%(Q):{Hf:fe(ﬁo(ﬁ) =0, with szJwﬂkgl}

We define the operator L

aZk aZ
L(a ‘?J”
mapping the domain V (Q) into C(Q).

Definition 1

A function u(x,r)eV(Q) is called the regular solution of the

problem 1 with f(x,r)e C(Q) if it satisfies the equation (1) in the domain
Q.
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Definition 2

A function u(x,t)e L,(Q) is called the strong solution of the
problem 1 with fe L,(Q) if there exists a sequence u, €V (Q), ne N,

such that ||un —u"LQ(Q) -0, ||Lun _f”Lo_(ﬂ) —0 as n—>oo.

o 2k.2
Denote by W, () the closure of the set V () in the norm

2 2 2 2
m au aZu k+1 amu
AN 0
Lj [ 0( x'"J J{atj J{aﬁj +;(atax'"_lj ] t
o kil

and by W2, (Q) the closure of the set V (Q) in the norm

=0 (] (2|

0 2k.2 o kil

It is clear that W, (Q) and W, (Q ) are subspaces of the Sobolev
spaces W,**(Q ) and W,"'(Q ) respectively. If we complete the set V(Q),

e

then operator L is also completed. Let L be the closure of operator L in
0 kil

2k,2
both cases with D( ) Wz (Q)if kiseven, and D( ) W if k is odd.

A Priori Estimate
It is true the following

Lemma 1. Let u(x,¢) be a regular solution of Problem 1 having continuous

derivatives

am+1u (0 t) aZk II/l aZku au 82
o T o
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in Q and belonging to L,(Q), f(x,r)e C(Q)NL, (L), where k is odd.
Then there exists a constant C > 0 that depends only on sizes of the domain
and the number k and doesn’t depend on the function u (x,7) such that

||u||W22"'2(Q) = C”f”z,,_(g)‘ )

Proof. We multiply by u(x,7) both sides of the equation (1) and integrate it

over the region Q to obtain

ﬂ (3 - ——J dxdt = jju 1 dxdt . ®)

Using the formulas

-3 )
orr ol or ot

a ku k-1 ., amu aZk—l—m ak
aZk_z( ) ax(a m akalJ ( 1)( J

m=0

and conditions (2), (3), the equation (8) becomes

| 2
Ju ou =[[u £ dar. )
L(Q) @

ox*

+
ot

L(Q)
Applying the following evident inequality
1
abl < Jaf* +——Jef
2 2¢e
with arbitrary € > 0 to the right-hand side of (9) we obtain

oul’ £ n 1 ,
NE1 < Sl o+ 2 o (10)

o‘u ’
k-

L(Q)
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It is obvious that

ou

ar.
ot

w’ (xt)= u(x7)

t au t
(u2 (x,T)) dr = 2.([u(x,2')$ dr < 2.([

Integrating it with respect to x from O to p gives

4

juz (x,t) dx < 2:"1]‘

0

u(x,t)% dtdx .

Applying the Cauchy-Schwarz inequality to the right-hand side we have

Ju

P
qu(x,t) dx < 2||u||L2(Q =

0

.

L(Q)
Integrating it with respect to ¢ from O to T yields

a_u
ot

”””i_(g) S 2T"u"Lg(Q) . '
L(Q)

Dividing by ||u||
from (10)

i) both parts of this inequality and squaring it we obtain

2T
”””Z(Q) < 2T28"”"i(g) +T"f”i(9) (11

If we add the inequalities (10) and (11) by choosing & =ﬁ and
+

multiply by 2 both sides of it and replace coefficients 2 by 1 on the left-hand

side, then we obtain

2

ou
ot

2
d‘u
+HISo
ox

<47 +1) |11} o) (12)

L(Q)

”””i_(g) +
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If we square both parts of (1) and integrate over , then we have
2 2
0 u

ox**

—2Hﬁ MU i

2
97 o pey I U ISP D)

L(Q) L(Q)

Let us rearrange the integrand by the following way

82 aZk _(_1)02 82+01/l ‘ aZk—lu +(_1) 82+11/l ‘ aZk—lu B
o X ox| o o orPox o

:(_1)0i az+0u.& +(_1)1i 9>y ‘azk—zu +(_1)2 922y, ‘82k—2u _
ox atz ax2k—1 ox al‘zax ax2k—2 at28x2 axzk_z

0 a 82+01/l aZk—lu | a 82+11/l aZk—Zu ) 82+2u aZk—3u
=~V 5o 2o )Y A e e )T e el

3 9% 9%y k—li( ¥y, akuJ (_ )k oy ofu

) AL AL | o _uwoaou g uou
H 5me 37 (Y 5 3 3 I o

kl 2my, 92kl ) al+ku ak " 91y, 2
+(-1 +(-1)" .
m=0 ax orfox"  ox? ! (=13, o\ rax* ot orox*
If m is odd, then 2k—-m—1lis even and according to (2) we have

aZk—m—l m+2
=0 at x=0 and x=p, in case of even m we have

u
=0 at
dorox™

ax2k—m—l
k

x=0 and x= p. Moreover a—Z =0 at r=0 and r =T . Consequently,

X
aZ aZk ak+1
2 . dxdt ==2|——
Lf o ot drox*

Substitutng it into (13) and dropping the coefficient 2 we get
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Adding (12) and (14) yields

2 2 2 2

||u||2 i au azu aku 4 ak+lu
L, (Q 2 k k
2(Q) ot L(2) ot L) ox L) ox“ot L) )
o*u ’ 2
2 2
e <[(4T7 +1) +1] 11 0
L(Q)
m 2
To obtain estimates for the norms of the form —~ , m=1,...,2k—1
A" (q)
we use inequality
2 2 2
an 1 an—l 1 an+1
o I e IR e (16)
e 2095 e 20987 )

that can easily be checked. If we sum inequalities (16) over n from 1 to
2k —1 and use (15), we get

_ 2
aZk lu

+ ax2k—1

<[(4T7 +1) +1] ||f||i(9). (17,)

L(Q) L(Q)

Now summing up inequalities (16) over n from 2 to 2k —2 according to
(17,) we have

2 2

82k72u

ax2k72

o’u

ox’ "

5,(Q)

2 2 2
S|@AT-+1)" +1)|f a7,)
@ [ J” ”[(Q)

Proceeding in this way we obtain

2 2

aZk—3u

+ ax2k—3

ou
ox®

<[(4T* +1) +1] ||f||;9). (17,)

L(Q) L(Q)
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2 2

ak+1u
axk+1

90" 'u
axk—l

<[(a1? +17 +1] ||f||;9). (17,.)
L()

L(Q)

Adding inequalities (17,),(17,),...,(17, ;) yields

2k-1 2

2.

m=1
m#k

0"u
axm

<(k=1)[ AT +1* +1] |£]; - (18)

L(Q)

Adding inequalities (15) and (18) we obtain

2 2 2

2 amu 2k amu ak+lu 5 5 2
Z a m +Z a m + a ka Sk[(4T +1) +1:| ”f”L,(Q) (19)
m=0 [0 ) mat (10Xl gy (19X 0Tl q) i
Summing up the inequalities
amu 2 - & 2 aZm—Zu 2
m—1 - 2 2m-2 ’
ox" ot L@ ot L@ ox L@

which proof is evident, over m from 2 to k according to (19) we have

2

k am
Z; axT‘thatMQ)Sk(k_l)[MTzH)zH] 1717, o (20)
Adding (19) and (20) we get
ey LY Y
r= G ASI= el S o e =
or
ez ) S C 1AL @1)

where C* <k? [(4T2 +1)2 +1} )

This proves Lemma 1.
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The Regular Solvability of the Problem 1
It is true the following

Theorem 1. Let f(x,t)e W,(Q) if k is even and f(x,1)e W,(Q) if k is

odd and numbers P and T satisfy the condition

k
sin (ﬂj T
p

Then there exists a regular solution of Problem 1.

>5>0, Vne N . (22)

We search a regular solution of Problem 1 in the form of Fourier series

u(xt)=Su (1)X,(x), 23)

n=1

expanded in full orthonormal system

2 V4
X, (x)= |=sinAx, A, =% nen,
p p

in L,(0,p).

It is clear that u(x,t) satisfies conditions (2). We expand the function

f(x,2) into the Fourier series in functions X, (x)

P =3 £, (0%, (2). 49

n=1
where

£(0)=]F(x1)X,(x) dx. (25)

Substituting (23) and (24) into the equation (1) we obtain the following
equation

w, (1) = (=1) A2, (1)=—f, (1) (26)
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for unknown function u, () . Conditions (3) take the form

u,(0)=0, u, (T)=0. (27)

The solution of the equation (26) satisfying conditions (27) has the form

()= 32X, () 2 [ KL 1) 7, (ke @8)

n=1 n 0

if k is even, and has the form

u(xt)=Yy 2. ,1k .([K(z) 1,7) f, (7)dr, (29)

if k is odd, where

shA'T-shA' (T —1)

hAXT OsTst
KLI)(I,T): S n
shA‘t-shA\ (T —7)
, t<7<T,
shA'T
sinA T sin Ay (T —t)
— , 0<7<1,
K (1,7)= sin 4, T
sinAt-sin A (T —7)
— , t<7<T,
sinA, T

with

K}(Ii)(z,z'):l()(li)(z-’t)’ i=12,

K,(IU(I,T)S%, C, = const >0, (30)
e

\K(” 1T \s— (31)

Q';
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Let k be an even number. We have to prove uniformly convergence of the
series (28) and

2k oo T
—3 =2 (1) A %X (1)K (1.0) 1, (2)dz, (32)
X n=1 n 0
o’u =
=X, ()1, z,fkﬁx jK(“ 1,7) £, (7)dz, (33)
n=l n=1

If we show uniformly convergence of the series

jK(“ 1,7) f, (7)dz, (34)

n= 1
then which implies uniformly convergence of the series (28), (32), (33).

In the equality (25) we integrate the integral

by parts, where

Since 3—fe Lip, [0, p] is uniformly with respect to 7, then [15]
X

C

‘fn ‘ /10!, C,=const>0, 0<a<l.
So
AGE fia : (35)
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We next turn to estimating the integral in (34). According to (30) and (35)
we have

.?K,(f)(t,z')ﬁl(z')dz' ]‘K (t.7)|£,(z)|dr <

GG AT _CCy| b -y, [ 20 |

/Wg T De dz'+.!‘e dr |= (36)
R AR N 266, 1
S e 20 S

The estimate (36) implies uniformly convergence of the series (34), (33),
(32), (28).

This finishes the proof of Theorem 1 for even & .

We now turn to the case where k is odd. It has to be shown uniformly
convergence of the series (29) and

%:—ifn(f)xn( _[K”’ 1,7) f, (7)dr, (37)

n=1 n= 1

8214

jK(“ 1,7) f, (z)dr, (38)

n= 1
It suffices to show convergence of the series (38).

Let feW,(Q). We integrate the integral (25) by parts k +1 times

£, (t)=—ﬁ7n(t), (39)

P ak+1f
axk+1

where E(t): X, (x)dx.

0
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We proceed to estimate the integral. According to (31) and (39) we obtain

.[K,(f) (t,7) f, (7)d7]

T T
< .([‘K,(f) (t,z')‘ I, (r)|dr£#?[|fn (z)dr<

(N T
et

Here we have used the Cauchy-Schwartz inequality. Taking into account
(40) yields

(40)

{7l

L,(0.T)

>4

n=1

s

o,
OTJ

X, (WK (15) . ()ag < ”z -

n=1
”;— AR

ak+1

2k+1
ox L@

)‘l

12

ST o=

then the series (38) converges uniformly.

By the estimate (40) the series (29) and (37) are also convergent uniformly,
and the proof of Theorem 1 is completed.

Remark. As to the condition (3)
u(x,O):u(x,T):O, 0<x<p, 3)

the condition is necessary at r=7. If we don’t impose any condition at t=T
and change it to

u =0,

=0
then the problem is not correct for even k.
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Indeed, if this is the case, then we have the following equation
u, (1) = 4w, (1) =1, (¢)

for u, (¢). The general solution of this equation has the form
0, (1) =4, (0)¢ +b, (0)e ¥ ~ [ 1, (¢)sh! (s 7z

We require the obtained solution to satisfy the following conditions
un (0) = 0’ M); (0) :0 *
Then we get

u,(0)=a,(0)+b,(0)=0, b,(0)=-a,(0)
u,(0)=A4'a, (0)-Ab,(0)=0=24"a,(0)=0=q,(0)=0, b, (0)=0.

It is clear that the sequence
j £, (t)shA (t-7)dr
n 0
doesn’t converge. Thus the problem is incorrect.

Lemma 2. Let & is odd number. Then the solution (29) satisfies the estimate

Ju

wit(Q S CZ ||f||L2(Q) ’ (41)

where C, positive constant depending only on sizes of the domain and not
depending on the function u(x,) .

Proof. We rewrite the solution (29) in the form

Zun X, (x), (42)

n=1
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where

u, lij(” 1,7)f (43)

n 0

We evaluate the norm ||un || . By (31) and Cauchy-Schwartz inequality we get

o =l e o
T
s%.ﬂl{”’ ne) drﬂf dr < 52/121{ e A
n 0

Integrating the inequality
2 T
|un (t)| S6‘2—2%21(||f"||i(0,T)

with respect to ¢ from 0 to 7' we obtain
T
e, ”i,,_(o,T) < W”fn ”i,,_(o,T) . (44)

By using (44) we estimate HuHLZ(Q)

. (z 0%, (030, (1, (x)J _
_ " m=1 L(9)
53

Mg

X (X, (x)dxdt =

M =3
M 1
O :

u, (1)u, (z)dzjxn(x)xm(x)dx=ij u? (t)dt =

m=1

m:

T?
I, OT)<52—p2kZ o VA

n=1 1

Il
MS

n

N&

S ST e A
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So
T2p2
[0y < 5oz 1 (45)
Now we estimate the norm ||ut ||Ln[ o To this end we first estimate ‘u;"u(a)

1) j-sinlfrcoslf (T—-1)

u (t)=-

" ! sin AT
LcosAft-sin A (T -7)

+ - - 7)dr.

sin AT 1,(7)

£, (7)dr+

t

WKD|S%ﬂﬁAﬂWT+%ﬂﬁiﬂwr:%£

1 % 5 T 2 ﬁ
SE\/-([I df-\/ﬂf,,(fﬂ df:7"fn”g(0,r)‘

(7)<

Squaring this inequality and integrating with respect to ¢from 0 to 7 we
obtain

112 T?

2
<
"L, (0,T) 52

L(or)’

L

Using this inequality and the Parceval identity yields

Il = 20, (3)- 3 (0%, (5]

2 T2 o0 T2
L(07) S?Z:;”fn”iz(g) :?”f"i,(g)

un

From here we get

T2
”ut”;m Sy"f”;g)‘ (46)
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We estimate ||ux||Lo (@ Combining (44) and the Bessel inequality gives

L(Q) (Z u, \1 Z um X, J

n=1 m=1
2
_Z N H n“ L(0.T) 52 2/121( 2 ||~f"|| ,(0.7)

n=

)

T 2k-2
A C J S o

n=1 n=1

2 . T-p! ’ 2
@ T\ spit ||f||14_(9)‘ (471)

, |12

o’

For we have the following estimation

L(Q)

QU
=
[\S]

o’ T-p! ’
o @

S (479

i’
o

S,
[3e]

Adding the inequalities (45), (46), (47,), ..., (47,) yields

oul’

1 |1, (e)

£ 10" u
ax)n

<CIf 1)

m=0 L(2)

or

Ju

wil(Q S CZ ”f”LQ(g)

where C, =C, (p,T,§,7r,k) =const>0.
The proof of Lemma 2 is completed.
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The Strong Solvability
It is true the following

Theorem 2. For any fe L,(Q) there exists a unique strong solution of

Problem 1 and it satisfies estimation (7), if k is even, and estimation (41) if k
is odd.

Proof. Let f be an arbitrary function in L, (Q) and k be an even number.
According to the fact that W, (Q) is dense in L, (Q) there exists a sequence
{£.} =W, (Q), ne N such that ||f, _f"La(ﬂ) —0 as n— oo .Consequently,

{f,}is Cauchy sequence in L,(Q). We denote by u, (x,t)eV(Q) the
solution of the equation (1) with the right part f, (x,#) . By (7) we have

o, =,

vz SCIf = Ful e = 0 mm— o, (48)

0 2k.2

that is {u,} is a Cauchy sequence in W, (Q). According to completeness
0 2k.2

of the  space Wo () there  exists a  unique  limit
0 2k.2

u(x,t)=limu, (x,t) € W2 (L) which is the strong solution of Problem 1.
Passing to limit in inequality ||un||WZA 2a) S C || fn”u (@) 38 1> we conclude

that estimation (7) is also true for the strong solution u(x,7) Passing to

limit in equation Lu,=f,, u,eV(Q), f,eW,(Q), as n—>o we get
0 2k2
Lu,=f,,u,eW, (Q), feL,(Q).Consequently, the strong solution is a

n

solution almost everywhere. In a similar way one can prove that Problem 1
o0 k.l

is strong solvable in the space W, (Q) in case of odd &.

Spectrum of Problem 1

The spectrum of a problem is the set of eigenvalues of the operator of
the problem. We examine spectrum of the problem in case of even k. The
investigation of the spectrum for odd & is similar.
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We rewrite the solution (28) as

u(xt)=[[KV 680 f (& ndédr, (49)
where
KV (x,t;¢,7) = i—x . (x,)i f (6 K" (t,7). (50)

As K,(Il)(t,r) is symmetric, then K(l)(x,t;f,r) is symmetric. The
estimation (30) implies its boundedness, i.e.

K (g o|<C, (51)

Combining (49) with (51) we conclude that it is defined bounded
symmetric operator L™ on W,(Q) which is inverse of the operator L and

acts from W, (Q) to V(Q) by the rule

(C'f)(x0)=[[K (x.t:é.0) f (€ m)dEdr (52)

S
ce—~

It can be extended to whole space L, (Q). This extension, we denote

it by E, is the closure of L', D(L*I):LZ(Q). The operator L' is

symmetric, bounded, and defined on the whole space L, (Q), so it is self-
adjoint. It follows from (51) that K (1)(x,t;§,2')e L,(Q2xQ) therefore L' is

a compact operator inL,(Q). Then the spectrum of the operator L' is

discrete and consists of real eigenvalues of finite multiplicity. The relation
between eigenvalues of the operators L' and L is as follows (Dezin,1980):
if 4, #0 is an eigenvalue of the operator L', then ,U_l is eigenvalue of the

operator L.

Thus, in case of even k the spectrum of Problem 1 consists of real
eigenvalues of finite multiplicity.
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A similar assertion is also true in case of odd k.

Corollary. Problem 1 is self adjoint for all k.

CONCLUSION

In this article we have investigated four boundary value problems
for the equation of the even order in a rectangular domain. One of these
problems is studied in detail. Other problems can be handled in much the
same way. In case even k we have obtained a priori estimate for the solution
in the norm of the space W22k’2(§2), proved its regular and strong solvability
almost everywhere. In case of odd k we have driven the estimate for the
regular solution in the norm of the space W,"'(Q). The spectrum of the

problem has been researched and its discreteness has been proved. The self-
adjointness of problem has been established.
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